Abstract. The density of states, which measures the density of the spectrum, is evaluated for a platonic crystal (periodically structured elastic plate) using the Green's function approach. Results are presented not only for the standard density of states, but also for the mutual, local, and spectral density of states. These other state functions provide a pathway to the standard density of states and characterize the radiative and other properties of the crystal. This is the first known examination of the density of states for a platonic crystal and extends the existing Green's function approach for photonic crystals to thin, elastic plates. As a motivating example the theory is applied to the problem of a square array of pins embedded in a thin plate. The density of states functions for an empty lattice (a uniform plate) are also presented in order to give a clear illustration of the steps in the derivation. Careful numerical calculations are given which reveal the complex behavior of the crystal, including intervals of suppressed density of states. These results are compared to calculations for a finite crystal with an interior source, and the behaviors of the finite and infinite systems are shown to be connected through the density of states.
Green
Here k denotes the nondimensionalized wave number, ω the angular frequency, and ρ, D, and h are the parameters for the plate. A time-harmonic wave dependence of exp(−iωt) is assumed, and we nondimensionalize the problem so that ρh/D = 1. Furthermore, we assume that the plate is pinned at an infinite array of points, (2.2) w(R p ) = 0, where (2.3)
denotes the array vector for a square lattice of period d, and m, n ∈ Z. We define the quasi-periodic Green's function for a phased array of sources, which satisfies
For a given Bloch vector κ there exist Bloch states ψ l with corresponding wave numbers k l which satisfy (2.5)
where l denotes the lth band surface and the Bloch states are normalized by integration over the WSC: 
For a two-dimensional square array the WSC is given by x ∈ [−d/2, d/2]×[−d/2, d/2].
We can write the quasi-periodic Green's function in the form
It is then advantageous to decompose this representation into real and imaginary components. This can be done easily for the Helmholtz equation using the Plemelj formula [24] , a result which arises from using the half-residue theorem along the real line. For the biharmonic equation we take the more general approach and factorize the denominator of (2.7) to obtain (2.8)
.
The residue at k = k m of (2.8) is 1/(4k where one can use the plane wave representations (3.3b) to determine that the Bloch modes for an empty lattice are given by (3.4) ψ
This is identical to the Bloch mode corresponding to the Helmholtz equation in an empty lattice (an outline of this problem is given in the supplementary material).
Density of states for an empty lattice.
Having previously determined the form of the Bloch modes ψ h , we can then compute the MDOS for an empty lattice. This is given by where the MDOS is scaled in order to balance the semiresidue contribution in (2.9), in a vein similar to [17] for the Helmholtz equation. From its definition, the SDOS can then be obtained via integration over the WSC to obtain
since there is no x dependence. Furthermore the LDOS can be determined from the MDOS via integration over the BZ [17] , and we can see that for the empty lattice
where the BZ is given by
array. This can be evaluated further, and so we write
where
2 for a square lattice, and via the change of variables
one can obtain the result (3.10)
Subsequently the DOS can be expressed in the form
In summary, we have M = S and N = L = k/(2π) for an empty lattice of sources in a thin plate.
LDOS in an empty lattice.
Alternatively, we can derive an identical result by using the free-space Green's function (for a single source), which satisfies
and is given in closed form by (see [26] )
From (3.7) we can then show that (3.14)
and that since there is no x dependence. Note that it is also possible to obtain the Green's function for the LDOS problem via integration:
Having considered the case of the empty lattice, we now proceed to the problem of computing the DOS functions for an elastic plate which possesses a doubly periodic array of pins.
4.
The pinned elastic plate problem. We consider a thin elastic plate which satisfies the biharmonic plate equation (2.5) , where the displacement is taken to be zero at each point in a two-dimensional lattice, as shown in (2.2).
Multipole representation of the MDOS Green's function.
Using the method of fictitious sources [37] , it is possible to represent the MDOS Green's function
where the first term on the right-hand side represents the array of sources, and the second term denotes the contribution from the pins. There is only one unknown a 00 , as the quasi periodicity of both the array and the pinned plate are encapsulated by the Green's function G M E defined in (3.2). However, the representation (3.2) is only conditionally convergent and requires acceleration in order to be evaluated numerically. This is achieved here using lattice sums [5, 23, 22] , and they admit the representations
where ξ = x − x and φ p = arg R p . Convergent representations for the array sums S H l and S K l can be found in [22, 5] for the case of a square lattice and are given by S
where δ mn is the Kronecker delta, 
where |ψ
, and scale this to satisfy
Note that the second Green's function term in (4.8) embodies the dispersion relation; however, it is necessary to include this term in order to ensure that the pin condition is satisfied at k-values where band surfaces and light lines intersect.
Evaluation of the DOS for a pinned elastic plate.
Having obtained the form of the Bloch modes, we return to the computation of the MDOS. From the definition of the MDOS in [17] we have
Accordingly, one then obtains the SDOS via integration of (4.10) over the WSC: 
This is done by introducing a local coordinate system at each point on every isofrequency curve throughout the entire BZ. At fixed frequency there may exist multiple curves from multiple band surfaces, and so we denote the nth curve by C n . This local coordinate system is defined about the point κ, which has a corresponding wave number k n , and is given by (s, t), where t points in the direction of the group velocity vector and s is tangent to the curve. At the point k n (κ) we have
We then take a Taylor series expansion near t = 0 to obtain
Accordingly (4.12) takes the form
where one can use the well-known identity δ(ax) = δ(x)/|a| to write
Since the relationship between angular frequency and wave number is quadratic for PlaCs (ω = k 2 ) [29] , using the chain rule we can determine that
which has an associated norm |v g |. This can be expressed in terms of the local coordinate system (s, t) at the point k n (κ) to obtain
where s parametrizes each isofrequency contour with respect to arc length. This final representation can be evaluated numerically once the band surfaces of the crystal are known. The procedure for computing the band surfaces of a pinned plate is outlined in [22] . 
LDOS for a pinned elastic plate.
As discussed earlier, we can also determine the DOS from the Green's function for a single source in a PlaC, in a vein similar to the work by [2, 3, 1] for finite clusters. Using the method of fictitious sources, this Green's function can be expressed in the form
where G E L is the single-source Green's function in free space given in (3.13). However, we cannot impose a conventional quasi periodicity condition on (4.17) in order to reduce the number of unknowns a mn . This is because the phase relationship from one pin to the next for a single source is much more complicated than for a plane wave or array of sources. Accordingly, deriving the Green's function for a single source in a PlaC is a nontrivial task, and the authors are unaware of any work in the literature which attempts to compute the Green's function for this problem directly.
However, we can obtain the LDOS by integrating the MDOS over the BZ:
where we have defined |ψ
Evaluation of LDOS over the irreducible BZ.
It was shown in [36] , and emphasized in [9] , that in order to evaluate the LDOS over the irreducible BZ (see Figure 2 ), we must evaluate the Bloch mode at additional points which correspond to the set of all point group symmetry operations for the WSC geometry. For the case of a two-dimensional square lattice there are seven additional points to be considered,
where β j denote the point group symmetry operations. These are given by the matrices 
DOS for platonic clusters.
Using platonic clusters (finite PlaCs), we can determine an estimate for the DOS and LDOS associated with an infinite structure straightforwardly, and we begin with the derivation of the cluster LDOS using the single-source Green's function.
For a finite cluster in two dimensions, we have N pins at the coordinate points x n with a single source located at x . Accordingly, we write the Green's function for this cluster problem as
where G E L represents the free-space Green's function defined in (3.13), which is regular when the field and source points coincide, i.e., G
2 . We then impose the zero displacement boundary condition at each of the pins to obtain an N × N linear system of the form
This can be solved directly to obtain the coefficients a n and ultimately the Green's function for the cluster. In order to determine the LDOS for the cluster we seek the imaginary component of the Green's function G C L as x → x , which admits the form
An estimate for the DOS can then be made via numerical integration of (5.3) over the WSC, as defined in (3.15).
Results.
In Figure 2 an outline of the BZ was drawn for the case of a square array. The irreducible BZ is shaded and is enclosed by the symmetry points Γ = (0, 0), X = (π/d, 0), and M = (π/d, π/d). The band diagram, constructed by tracing a path around the irreducible BZ, is given in Figure 3 There is a complete band gap for k ∈ (0, π/d) for a square lattice of period d, above which there are no further band gaps, with the exception of Dirac, or Dirac-like points, where the gap is infinitesimally thin [22, 29] . There are many Dirac and Diraclike cones throughout the spectrum (e. [18] , giving rise to dynamic neutrality, where waves travel through the structure as if the pins were not there. The most important feature observed in Figure 3 is the threefold degeneracy seen at k(M) = 4.4429.
In Figures 4(a) and 4(b) we plot the two lowest band surfaces for a square array over the entire BZ. The projection of these surfaces on the irreducible BZ forms the lowest two curves in Figure 3 . These band surfaces possess strong curvature and demonstrate the highly anisotropic nature of pinned PlaCs [32, 29] . In Figure 4 (a) we have a minimum value of k(X) = π, a saddle point of k = 3.6239 located at κ = (±1.6650, ±1.6650), an absolute maximum of k(Γ) = 3.8961, and an absolute maximum of k(M) = 4.4429. In Figure 4 (b), the position of these critical points has changed significantly, and we have absolute minima of k(M) = 4.4429, saddle points at k(X) = 5.1293, and an absolute maximum of k(Γ) = 2π.
In Figure 5 (a) we plot the DOS given by (4.16) for k ∈ [3, 5.5]. There is a complete band gap for k ≤ π/d for square arrays of pins embedded in a thin plate, where N (k) ≡ 0 by definition, and so the majority of this low-frequency band gap is omitted here. The curvature of the DOS reveals the frequencies at which critical points on band surfaces exist [9] . At a relative or absolute minimum, the local behavior of the DOS can be given by N (k) = AH(k) + B, where H(k) denotes a Heaviside function. Similarly, at a maximum point N (k) = AH(−k) + B, and a saddle point N (k) = A log |ω − ω 0 | + B (where ω 0 denotes the van Hove singularity [35] ). The constants A and B differ between each of these expressions. From Figure 5(a) we can then determine that there is a band minimum at k = π, a saddle point at k = 3.6239, a band maximum at k = 3.8961, a band minimum at k = 4.4429, and a saddle point at k = 5.1293. One notable feature of this N (k) curve is an interval of suppressed DOS Downloaded 08/07/15 to 134.148.206.217. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php for k ∈ [3.8961, 4.4429]. This interval of naturally suppressed DOS corresponds to strong energy localization (as will be shown in Figures 7 and 11 for a finite cluster). In this interval of suppressed DOS, the square array of pins diminishes the power radiated by a source in the lattice.
A close-up of the DOS near k = 4.4429 is given in Figure 5 (c), where the DOS curve does not progress to zero linearly. Therefore this is not a Dirac point degeneracy, which requires the bands above and below to collapse in the shape of cones [30] . Another feature of this image is the small oscillations in the DOS after the point k = 4.4429. This is not a numerical error, but a feature of the varying group velocities which are present at the threefold degeneracy seen here. There are a host of behaviors associated with Dirac and Dirac-like points, including resonant spikes in transmission, which are ongoing topics of investigation. In Figure 5 (b) the DOS near the first saddle point is drawn, with the asymptotic curve N approx overlaid, where the DOS is infinite at the saddle point. For k = 3.6239 the critical point values are given by A = −0.4660 and B = 1.2231. Using this A parameter, one can then determine the leading order behavior of the level shift near this point (see Table 1 in [9] ).
The DOS for a square array of pins is drawn over a higher range k ∈ [6.2, 8.7] in Figure 6 , where van Hove singularities are observed at k = 6.3125, k = 7.1138, k = 7.1845, k = 7.7056, k = 8.3849, and k = 8.5635; band minima at k = 2π, k = 7.0248 (corresponding to the Dirac-like frequency), k = 7.4319, and k = 7.8838; and band maxima at k = 7.2539, k = 7.3758, k = 7.7484, and k = 7.8245. Figure 7 , where the displacement for a 13 × 13 finite cluster is calculated for a source located at x = (1/2, 1/2). In Figure 7 The most coherent leakage of energy is seen in Figure 7 (e), which forms a St. George's Cross through the cluster and into the plate. The isofrequency contours (Figures 7(b) , 7(d), and 7(f)) corresponding to the array problem are drawn for comparison, where the central box denotes the edges of the BZ.
Recall that the LDOS is a function of wave number k and source location x and is a measure of the local availability of band surfaces to which a source can couple and radiate power through an array. The DOS is the spatial average of the LDOS over the fundamental cell. In Figure 8 we plot the LDOS for a selection of values where one can see that, for fixed frequency, the location of the source changes the power radiated into the array significantly. This makes sense when we consider the fact that intervals of vanishing DOS correspond to intervals of vanishing LDOS [8] . However, the reverse does not hold in general, as the Bloch mode of a crystal may have symmetry points where the mode vanishes (i.e., nodes), and so the LDOS can differ considerably based on the location of the source. In Figure 8 (a) we compute the LDOS for k = 3.4, which has a maximum value of L = 2.0949 at x = (±1/2, ±1/2), a saddle point value of L = 1.0309 at x = (±0, ±1/2) and x = (±1/2, ±0), and a minimum of L = 0 at the origin. For the pinned plate, the location of the minimum remains constant for all k, as it coincides with the location of the central pin, where the displacement is specified to be zero. If one integrates this LDOS surface over the WSC, we can obtain N (k) = 1.0314, which matches the value given in Figure  5 (a). The LDOS surfaces in the vicinity of the saddle point k = 3.6239, and near the absolute maximum k = 3.8961, exhibit curvature identical to that of Figure 8 (a) but with different ranges of values (whose scale can be deduced by examining the DOS curve shown previously).
The LDOS surface for k = 4.6 is drawn in Figure 8 (b), with a lower maximum value of L = 1.3594 relative to the LDOS surface for k = 3.4. The location of the maximum LDOS has now shifted to x = (0, ±1/2) and x = (±1/2, 0), and points of zero LDOS are now located at x = (±1/2, ±1/2) in addition to the origin. There is also a saddle point of L = 0.7020 at x = (±0.2590, ±0.2590). This LDOS function integrates to a DOS value of N (k) = 0.7009. In Figure 8 The LDOS for a 13 × 13 finite cluster is drawn at two source locations in Figure 9 , based on the expression (5.3). In Figure 9 (a) the source is located at x = (1/4, 1/3), away from a line of symmetry. Also drawn is the LDOS for an infinite pinned crystal. From this we can observe that the LDOS for a finite cluster is a superposition of the LDOS for an infinite crystal plus the resonances for a cluster. These resonances are all of different strength and depend on how close the imaginary part of the resonance sits to the real line (note that these resonances are referred to as complex scattering frequencies in [20] ). It is difficult to establish the strength of the resonances accurately, due to the effects of finite sampling in k. In Figure 9 (b) we plot the LDOS for a 13×13 finite cluster with the source point positioned at x = (1/2, 1/2). This choice of source location corresponds to strong field localization analogous to that in Figure 7 (a), but over the wider interval k ∈ [3.8961, 5.5] (the range considered here). Also featured in this plot is the LDOS for an infinite structure, which shows a small oscillation at k = 4.4429, corresponding to the triple point degeneracy at M.
For the 13 × 13 cluster, the widths of the peaks caused by the cluster resonances appear approximately similar for both source locations over the first band surface. We find that as cluster sizes increase, the distribution of spikes becomes denser and the peaks become sharper, as shown in Figure 10 , where we compute the DOS for a 21×21 cluster. This curve is computed by evaluating (5.3) and numerically integrating over the WSC. In Figure 11 we consider the log |Re(u)| field for an 11×11 finite cluster with a single source. In Figure 11 (a) the source is located at x = (1/2, 1/2) and exhibits a monopole-style localization of energy, or field confinement, in the vicinity of the source location. We also observe that the principal direction of energy propagation is along the lines y = x and y = −x, outgoing in both directions. This St. Andrew's Cross emission pattern is best observed outside the cluster, and the directions coincide with the isofrequency contours in Figure 4 (a) at k = 4.1. If one considers a larger finite cluster, the amplitude of the peak at x = (1/2, 1/2) does not grow, and so this behavior does not correspond to a resonance. As the source point approaches the pin along the symmetry line y = x, as seen in Figure 11 (b) (where the source is located at x = (0.01, 0.01)), we observe a trough of minimal displacement along y = −x and emission of energy into the plate along y = x in both directions. It is shown in [1] that square clusters exhibit strong leakage at the corners, and so this may be a consequence of the finite square geometry; however, investigations into other finite geometries have been made, and these all exhibit the same St. Andrew's cross pattern in the displacement.
Concluding remarks.
Using the Green's function method [17] , we have computed the MDOS, SDOS, LDOS, and DOS functions for a pinned platonic crystal, a finite cluster of pins, and for an empty lattice. It is shown that pinned plates feature wave number intervals where the DOS and LDOS are suppressed by the square array, Downloaded 08/07/15 to 134.148.206.217. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php which corresponds to nonresonant field concentration in finite PlaCs. It is also shown that the computation of the DOS and LDOS for finite clusters can isolate these localization regions successfully. This is the first known investigation into the DOS for platonic crystals and provides a general foundation for the investigation of other structured plates. These include different pinned array geometries (i.e., hexagonal lattices of pins), and perforated plates subject to clamped-and free-edge conditions, following from [22, 28] .
